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Abstract
In the present work we have studied Natural Inflation in the framework of the Randall-Sundrum
II brane model (RS-II) in the light of the latest Planck results. Adopting the Randall-Sundrum
fine-tuning, the model is characterized by 3 parameters in total, namely the 5-dimensional Planck
mass M5 and the two mass scales of the inflaton potential f and Λ. We show in the ns − r plane
the theoretical predictions of the model together with the allowed contour plots, and we conclude
that the model is viable. By using the Planck results only it is possible to determine the two
mass scales of the inflaton potential in terms of M5, which remains undetermined. However, there
are several good theoretical reasons to consider a higher-dimensional Planck mass of the order of
10TeV , which is compatible with primordial nucleosynthesis. If we insist on considering a M5 of
this order of magnitude all parameters are known and a sub-Planckian excursion of the inflaton
scalar field is achieved.
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I. INTRODUCTION
The inflationary universe has become one of the central paradigms in modern cosmology.
This is due to the fact that many long-standing problems of the Big Bang model, such as
the horizon, flatness, homogeneity and monopole problems, find a natural explanation in the
framework of the inflationary universe [1–6]. However, the essential feature of inflation is that
it generates a mechanism to explain the Large-Scale Structure (LSS) of the universe [7–11]
and provides a causal interpretation of the origin of the anisotropies observed in the Cosmic
Microwave Background (CMB) radiation[12–17], since primordial density perturbations may
be produced from quantum fluctuations during the inflationary era.
Despite its success, a theory of inflation is still missing, all we have is a large collection of
inflationary models (see e.g.[18], and for a classification of inflationary models see[19]). The
inflaton potential cannot be derived from a fundamental theory in a unique way. Moreover,
the potential must be specially designed to be flat, and this is the fine-tuning problem of
inflation. Natural Inflation (NI) with a pseudo-Nambu Goldstone boson (pNGB) as the
inflaton[20] is provided in certain particle physics model[21]. The scalar potential, which is
flat due to shift symmetries, has the form
V (φ) = Λ4
[
1− cos
(
φ
f
)]
. (1)
and it is characterized by two mass scales f and Λ with f  Λ. It is assumed that a global
symmetry is spontaneously broken at some scale f , with a soft explicit symmetry breaking
at a lower scale Λ. Natural inflation has been already studied in standard cosmology based
on Einstein’s General Relativity[22]. Upon comparison to the current cosmological and as-
tronomical observations, specially those related with the CMB temperature anisotropies, it
is possible to constrain several inflation models. Particularly, the constraints in the ns − r
plane give us the predictions of a number of representative inflationary potentials. Re-
cently, the Planck collaboration has published new data of enhanced precision of the CMB
anisotropies [23]. Here, the Planck full mission data has improved the upper bound on the
tensor-to-scalar ratio r0.002 < 0.11(95% CL) which is similar to obtained from [17] , in which
r < 0.12 (95% CL). In particular, Natural Inflation is consistent with current data [17, 23]
for trans-Planckian values of the symmetry breaking scale f , for which it may be expect the
low-energy effective theory, on which (1) is based, to break down [24]. Regarding the last
data of Planck, this model is consistent for log10(f/Mp) > 0.84, where Mp is the reduced
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Planck mass Mp ≡ 1/
√
8piGN = 2× 108 GeV. Nevertheless, several mechanisms which yield
the potential (1) with super-Planckian values for the symmetry breaking scale f consistent
with a low energy description, have been proposed recently [25–34].
On the other hand, it would be challenging to study natural inflation in non-standard cos-
mologies. Considering non-standard cosmologies is motivated by at least two facts, namely
i) deviations from the standard Friedmann equation arise in higher-dimensional theories of
gravity, and ii) there is no observational test of the Friedmann equation before the pri-
mordial big-bang nucleosynthesis (BBN) epoch. A well-studied example of a novel higher-
dimensional theory is brane-world models. Brane models are inspired from M/superstring
theory and although they are not yet derivable from the fundamental theory, at least they
contain the basic ingredients, such as extra dimensions, higher-dimensional objects (branes),
higher-curvature corrections to gravity (Gauss-Bonnet) etc. Since superstring theory claims
to give us a fundamental description of nature it is important to study what kind of cosmol-
ogy it predicts. Regarding the realization of Natural Inflation in non-standard cosmologies,
some works have been put forward in the literature so far [35–37], achieving sub-Planckian
values for the symmetry breaking scale f , being consistent with the data available at that
time.
The main goal of the present work is to study the realization of NI in the high-energy
regime of the RS-II brane model, in the light of the recent Planck results. Later on we will
show that our results are modified significantly compared to[35] using the Planck results.
By comparing the theoretical predictions of the model together with the allowed contour
plots, and we conclude that the model is viable. Using the latest Planck results only the
inflaton potential mass scales f,Λ are given in terms of the five-dimensional Planck mass,
which remains unconstraint though. However, we insist on considering a higher-dimensional
Planck mass of the order of, say, 10TeV , since there are several good theoretical reasons for
that.
We organize our work as follows: After this introduction, in the next section we summarize
the basics of the brane model as well as the dynamics of inflation. In the third section we
analyze natural inflation in the framework of RS-II model and present our results, and in
the last section we finish with our conclusions. We choose units so that c = ~ = 1.
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II. BASICS OF BRANEWORLD INFLATION
A. Braneworld cosmology
In the brane-world scenario the main idea is that our four-dimensional world and the
standard model of particle physics are confined to live on a 3-dimensional brane, while
gravity lives in the higher-dimensional bulk. Since the higher-dimensional Plank mass MD
is the fundamental mass scale instead of the usual four-dimensional Planck mass M4, the
brane concept has been used to address the hierarchy problem of particle physics, initially in
the simple framework of a flat (4+n) spacetime with 4 large dimensions and n small compact
dimensions[38], and later refined by Randall and Sundrum[39, 40]. For an introduction
to brane cosmology see e.g.[41]. In the RS-II model [40], the four-dimensional Einstein
equations may be written as [42]
(4)Gµν = −Λ4gµν + 8pi
M24
τµν +
(
8pi
M35
)2
piµν − Eµν , (2)
where Λ4 is the four-dimensional cosmological constant, τµν is the energy-momentum tensor
of matter on the brane, piµν = (1/12)ττµν + (1/8)gµνταβτ
αβ − (1/4)τµαταν − (1/24)τ 2gµν , and
Eµν = C
α
βρσnαn
ρgβµg
σ
ν is the projection of the five-dimensional Weyl tensor Cαβρσ on the
brane, where nα is the unit vector normal to the brane. Eµν and piµν encode the information
about the bulk. The four-dimensional quantities can be computed in terms of the five-
dimensional ones as follows[43]
M4 =
√
3
4pi
(
M25√
λ
)
M5 (3)
Λ4 =
4pi
M35
(
Λ5 +
4piλ2
3M35
)
(4)
The Friedmann equation for a flat FRW background is given by [44]
H2 =
Λ4
3
+
8pi
3M24
ρ
(
1 +
ρ
2λ
)
+
E
a4
. (5)
where E is an integration constant coming from Eµν . The term Ea4 is known as the dark
radiation, since it decays in the same way as radiation. However, during inflation this term
will be rapidly diluted, and we can neglect it. The five-dimensional Planck mass is constraint
by the standard bib-bang nucleosynthesis to be M5 ≥ 10TeV [45]. In the following, we will
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take the four-dimensional cosmological constant Λ4 to be zero, or in other words we adopt
the RS fine tuning Λ5 = −4piλ2/(3M35 ) so that model can explain the cosmic acceleration
without cosmological constant, and neglecting the term E
a4
the Friedmann equation (5)
becomes
H2 =
8pi
3M24
ρ
(
1 +
ρ
2λ
)
, (6)
which becomes the basis of our study on brane-world inflation.
B. Inflationary dynamics
At low energies, i.e., when ρ λ, inflation in the brane-world scenario behaves in exactly
the same way as standard inflation. But at higher energies we would expect the dynamics
of inflation to be changed.
We consider slow-roll inflation driven by a scalar field φ, for which the energy density ρ
and the pressure P are given by ρ = φ˙
2
2
+ V (φ) and P = φ˙
2
2
− V (φ), respectively, where
V (φ) is the scalar potential. We assume that the scalar field is confined to the brane, so the
four-dimensional Klein-Gordon equation still holds
φ¨+ 3Hφ˙+ V ′ = 0, (7)
where prime indicates derivative with respect to φ, and dot a derivative with respect to
cosmic time. We can use the slow-roll approximation to write (6) and (7) as
H2 ' 8pi
3M24
V
(
1 +
V
2λ
)
, (8)
and
3Hφ˙ ' −V ′. (9)
In this way, using these two equations, it is possible to write the slow-roll parameters on the
brane as[43]
V ≡ M
2
4
16pi
(
V ′
V
)2
1 + V/λ
(1 + V/2λ)2
, (10)
ηV ≡ M
2
4
8pi
V ′′
V
1
1 + V/2λ
. (11)
Slow-roll inflation implies that V  1 and |ηV |  1, as in standard cosmology. These
reduce to standard slow-roll parameters at the the low-energy limit V  λ. On the other
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hand, in the high-energy limit, i.e., V  λ, these expressions become
V ' M
2
4λ
4pi
V ′ 2
V 3
, (12)
ηV ' M
2
4λ
4pi
V ′′
V 2
. (13)
The deviations from standard slow-roll inflation can be seen in the high-energy as both the
parameters are suppressed by a factor V/λ.
The number of e-folds in the slow-roll approximation, using (6) and (7), yields
N ' − 8pi
M24
∫ φend
φ∗
V
V ′
(
1 +
V
2λ
)
dφ, (14)
where φ∗ and φend are the values of the scalar field when the cosmological scales cross the
Hubble-radius and at the end of inflation, respectively. As it can be seen, the number of
e-folds is increased due to an extra term of V/λ. This implies a more amount of inflation,
between these two values of the field, compared to standard inflation.
C. Perturbations
In the following, we will give a review of cosmological perturbations in brane-world infla-
tion. We consider the gauge invariant quantity ζ = −ψ −H δρ
ρ˙
. Here, ζ is defined on slices
of uniform density and reduces to the curvature perturbation at super-horizon scales. A
fundamental feature of ζ is that it is nearly constant on super-horizon scales[46], and in fact
this property does not depend on the gravitational field equations[47]. Therefore, for the
spatially flat gauge, we have ζ = H δφ
φ˙
, where |δφ| = H/2pi. In this way, using the slow-roll
approximation, the spectra of scalar perturbations is given by[43]
PR = H
2
φ˙2
(
H
2pi
)2
' 128pi
3M64
V 3
V ′2
(
1 +
V
2λ
)3
. (15)
On the other hand, the tensor perturbations are more involved since the gravitons can
propagate in the bulk. The amplitude of tensor perturbations is given by[43]
Pg = 64pi
M24
(
H
2pi
)2
F 2(x), (16)
where
F (x) =
[√
1 + x2 − x2 ln
(
1
x
+
√
1 +
1
x2
)]2
=
[√
1 + x2 − x2 sinh−1
(
1
x
)]−1/2
, (17)
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and x is given by
x = HM4
√
3
4piλ
. (18)
The expressions for the spectra are, as always, to be evaluated at Hubble radius crossing
k = aH. As expected, in the the low-energy limit the expressions for the scalar and tensor
spectra become the same as those derived without considering the brane effects. However,
in the high-energy limit, these expressions become
PR ' 16pi
3M64λ
3
V 6
V ′ 2
, (19)
Pg ' 32V
3
M44λ
2
. (20)
The scale dependence of the scalar power spectra is determined by the scalar spectral
index, which under the slow-roll approximation, obeys the usual relation
ns = 1 +
d lnPR
d ln k
ns ' 1− 6V + 2ηV . (21)
The amplitude of tensor perturbations can be parameterized by the tensor-to-scalar ratio,
defined to be[48]
r ≡ PgPR , (22)
which implies that in the low-energy limit this expression becomes r ' 16V , where V is
the standard slow-roll parameter, whereas in the high-energy limit we have that r ' 24V ,
with V corresponding to Eq.(12).
As we have seen, at late times the brane-world cosmology is identical to the standard
one. During the early universe, particularly during inflation, there may be changes to the
perturbations predicted by the standard cosmology, if the energy density is sufficiently high
compared with the brane tension. In the following, we will obtain the predictions for the
natural inflationary model in the brane-world scenario in the high-energy limit, and to try to
ascertain whether these predictions are compatible with current observational constraints.
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III. NATURAL INFLATION ON THE BRANE
A. Dynamics of inflation
Natural inflation in the Randall-Sundrum brane-world scenario is characterized by 3 pa-
rameters in total, namely the 5-dimensional Planck mass and the mass scales of the inflaton
potential (1), Λ and f , respectively. In the high-energy limit, the slow-roll parameters V
and ηV , using Eqs.(12) and (13) are given by
V = α
(1 + cos(y))
(1− cos(y))2 , (23)
ηV = α
cos(y)
(1− cos(y))2 , (24)
where y ≡ φ/f and α is a dimensionless parameter defined as
α ≡ M
2
4λ
4pif 2Λ4
. (25)
For this model, the condition for the end of inflation is found to be (yend) = 1, leading
to
cos(yend) = cos
(
φend
f
)
=
1
2
(
2 + α−√α√8 + α
)
. (26)
The number of inflationary e-folds that occur between the values of the scalar field when
a given perturbation scale leaves the Hubble-radius and at the end of inflation, can be
computed from (1) and the high-energy limit of (14), yielding
N =
1
α
[
cos(y∗)− cos (yend)− 2 ln
(
1 + cos(y∗)
1 + cos(yend)
)]
, (27)
with cos(yend) given by (26). Solving Eq.(27) for cos(y∗), after replacing Eq.(26), we may
obtain the value of the scalar field at the time of Hubble-radius crossing, given by
cos(y∗) = cos
(
φ∗
f
)
= −1− 2W [z(N,α)] , (28)
where
z(N,α) ≡ −
√
e−1−
√
α
2
(2N
√
α+
√
α−√α+8) (α2 + 8α + 8− α3/2√α + 8− 4√α√α + 8)
2
√
2e
, (29)
and W denotes the Lambert W function [49].
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B. Cosmological perturbations
Regarding the cosmological perturbations, the amplitude of scalar perturbations, using
Eqs.(1) and (19), is found to be
PR = 1
12pi2α3
γ4
(1− cos(y))5
(1 + cos(y))
, (30)
where γ ≡ Λ
f
is the ratio between both mass scales of the inflaton potential (1), Λ and f .
The scalar spectral index, using Eqs.(21), (23), and (24), becomes
ns = 1− 2α(3 + 2 cos(y))
(1− cos(y))2 . (31)
Finally, the tensor-to-scalar ratio can be obtained from the high-energy limit of Eq.(22),
yielding
r = 24α
(1 + cos(y))
(1− cos(y))2 . (32)
After evaluating these inflationary observables at the value of the scalar field when a given
perturbation scale leaves the Hubble-radius, given by (28), we may compare the theoretical
predictions of our model with the observational data in order to obtain constraints on the
parameters that characterize it.
The amplitude of the scalar perturbations, the scalar spectral index, and the tensor-to-
scalar ratio, evaluated at the Hubble-radius crossing k = aH, become
PR = 4
3piα3
γ4
(1 +W [z(N,α)])5
(−W [z(N,α)]) , (33)
ns = 1− α
2
(−W [z(N,α)])
(1 +W [z(N,α)])2
, (34)
r = 12α
(−W [z(N,α)])
(1 +W [z(N,α)])2
. (35)
The trajectories in the ns - r plane for the model studied here may be generated by
plotting Eqs.(34) and (35) parametrically. In particular, we have obtained three different
curves by fixing the number of e-folds to N = 50, 60, and 70, and plotting with respect
to the parameter α in a wide range. The Fig.(1) shows the plot of the tensor-to-scalar
ratio r versus the scalar spectral index ns for natural inflation in the high-energy limit
of brane-world scenario. Here, we have considered the two-dimensional marginalized joint
confidence contours for (ns, r), at the 68% and 95% CL, from the latest Planck data [23].
The corresponding allowed range for the dimensionless parameter α defined by Eq.(25), for
9
FIG. 1: Plot of the tensor-to-scalar ratio r versus the scalar spectral index ns for natural inflation
in the high-energy limit of braneworld scenario. Here, we have considered the two-dimensional
marginalized joint confidence contours for (ns, r), at the 68% and 95% CL, from the latest Planck
data [23]. In this plot we have used 3 different values for the number of e-folds N : the solid,
dashed, and dotted lines correspond to N = 50, 60, and 70, respectively.
each r(ns) curve, may be inferred by finding the points when the trajectory enters and exits
the 95% CL region from Planck. We can determinate numerically from Eqs.(34) and (35)
that, by fixing N , the tensor-to-scalar ratio decreases as the parameter α is increasing. On
the other hand, after to reach a maximum value, the scalar spectral index begins to decrease
as α is increasing. In this way, we may obtain a lower limit as well an upper limit for α. The
trajectory for N = 50 lies well outside of the joint 95% CL region in the ns - r plane, so it is
ruled out by the data. For N = 60, the trajectory lies inside the 95% CL region, obtaining
the constraint on α given by 3.1×10−2 . α . 7.1×10−2. Finally, for N = 70 the trajectory
lies inside the the joint 95% CL region as well the 68% CL region, obtaining the constraint
on α given by 4.8 × 10−3 . α . 8.5 × 10−2. On the other hand, by combining the scalar
power spectrum (33), the constraints on α already obtained, and the observational value for
amplitude of the scalar power spectrum PR ' 2 × 10−9 [23], me may obtain the allowed
range for the ratio γ ≡ Λ/f for each value of N . For N = 60, this constraint becomes
6.6 × 10−3 . γ . 7.4 × 10−3, and for N = 70 we have that 4.3 × 10−3 . γ . 6.5 × 10−3.
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N constraint on α constraint on γ
60 3.1× 10−2 . α . 7.1× 10−2 6.6× 10−3 . γ . 7.4× 10−3
70 4.8× 10−3 . α . 8.5× 10−2 4.3× 10−3 . γ . 6.5× 10−3
TABLE I: Results for the constraints on the parameters α and γ for natural inflation in the high-
energy of Randall-Sundrum brane model, using the last data of Planck.
Table (I) summarizes the constraints obtained on α and γ using the last data of Planck.
As we can see, using the latest Planck results we find that the γ parameter must be one
order of magnitude larger than that found in[35], while the ratio f/M5 ∼ 10 (see equation
(36) below) must be one order of magnitude lower compared to that obtained in[35].
Clearly, we were not able to obtain the allowed range for all three parameters of the model,
namely the 5-dimensional Planck mass M5 and the mass scales of the inflaton potential Λ
and f , only by considering the Planck data. We have found the allowed range for certain
combinations of these parameter, α and γ, instead. However, using the definitions of α, γ as
well as the formulas relating the four-dimensional quantities with the five-dimensional ones,
we can express everything in terms of the fundamental Planck mass M5 as follows
f =
(
3
16pi2αγ4
)1/6
M5 (36)
Λ = γf = γ
(
3
16pi2αγ4
)1/6
M5 (37)
However, a string scale/higher-dimensional Planck mass of the order of a few TeV is very
attractive from the theoretical point of view for several reasons, as it addresses the hierar-
chy problem, provides an alternative to gauge coupling unification in D-brane construc-
tions of the Standard Model[50], and the evaporation a la Hawking of TeV mini-black
holes can be seen at the colliders[51], and possibly explain anomalies related to cosmic
ray observations[52]. Therefore, we shall take it seriously and in the rest of this article we
shall assume for M5 a value of 10TeV . Then, by combining the constraints found earlier
on α and γ, and this value for the five-dimensional Planck mass, Eqs.(36) and (37) give
us the allowed range for the spontaneous symmetry breaking scale f and the soft explicit
symmetry breaking scale Λ, yielding 211.4 TeV . f . 261.9 TeV and 1.5 TeV . Λ . 1.8 TeV
for N = 60, whereas for N = 70, the allowed ranges become 223.7 TeV . f . 475.6 TeV
and 1.3 TeV . Λ . 2.3 TeV, respectively. These results imply a hierarchy between the mass
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scales consistent with f  Λ. On the other hand, the constraints found on α and Eqs.(26)
and (28) imply that, during inflation φ ∼ f , therefore natural inflation in the framework of
the high-energy regime of the RS-II brane model takes place at sub-Planckian values of the
scalar field.
IV. CONCLUSIONS
To summarize, in this article we have studied natural inflation in the framework of the
Randall-Sundrum II brane model in the light of the recent Planck results. Adopting the
Randall-Sundrum fine-tuning, the brane model is characterized only by the 5-dimensional
Planck mass, while the inflationary model is characterized by the two mass scales f,Λ of the
inflaton potential. We have used the COBE normalization as well as the allowed contour
plots in the ns−r plane. First, in the ns−r plane we show the theoretical predictions of the
model for three different values of e-folds N = 50, 60, 70. According to the plot the N = 50
case is excluded, while for the N = 60, 70 cases the model is viable for a certain range
of the α parameter (a combination of the three parameters of the model f,M5,Λ) defined
in the text. After that, using the constraint for the amplitude of scalar perturbations we
determined the ratio Λ/f . We have expressed the mass scales of the inflaton potential in
terms of the five-dimensional Planck mass which remains unconstraint using the Planck
results only. It is known, however, that there are good theoretical reasons, such us hierarchy
problem, alternative to gauge coupling unification, mini black hole evaporation etc., to
believe that M5 is at the TeV scale. If we take it seriously and insist on a M5 10TeV all
parameters of the model are known.
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